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SURFACE HOMEOMORPHISMS WITH ZERO DIMENSIONAL
SINGULAR SET
CHRISTIAN BONATTI AND BORIS KOLEV
Abstrat. We prove that if f is an orientation-preserving homeomorphism of
a losed orientable surfae M2 whose singular set Σ(f) is totally disonneted,
then f is topologially onjugate to a onformal transformation.
1. Introdution
In a series of papers [21, 22, 23, 24, 25, 26℄, Kerékjártó gave neessary and
suient onditions for an orientation-preserving surfae homeomorphism to be
onjugate to a onformal isomorphism, answering a question of Brouwer [3℄. For
that purpose, he introdued the notion of regularity.
Let f : X → X be a homeomorphism of a ompat metri spae. A point
x ∈ X is regular if the family {fn} of all (positive and negative) iterates of f is
equiontinuous at x, that is for all ε > 0 there exists δ > 0 so that if d(x, y) < δ
then d(fn(x), fn(y)) < ε for all n. This property is obviously independent of the
hoie of the metri and invariant under topologial onjugay.
The purpose of this paper is to give a omplete exposition of Kerékjártó's theory
in a more general setting, with shorter and simpler proofs. Some of Kerékjártó's
arguments have already been laried [2, 12, 16, 19, 27, 35℄. However, up to the
authors knowledge, there is nowhere in the literature a omplete, modern and
elementary paper on Kerékjártó's theory. This is what we intend to do in the
following.
Let f be a homeomorphism of a losed surfae M2. We dene the singular set
of f , noted Σ(f) to be the losure of the set of non regular points. One may
ask what the onnetion is between Σ(f) and the Julia set J(f) of a holomorphi
map of the Riemann sphere. For us, the only dierene is that a point is regular if
the family of all iterates of f , positive and negative, is equiontinuous whereas in
the holomorphi ase only positive iterates are required to form an equiontinuous
family. The main result of this paper is the following:
Theorem 1.1. Let f be an orientation-preserving homeomorphism of a losed
orientable surfae M2 whose singular set, Σ(f) , is totally disonneted. Then:
(1) If M2 = S2, f is onjugate to a linear frational transformation.
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(2) If M2 = T 2, f is periodi or f is onjugate to the map (s, t) 7→ (s+α, t+β).
(3) If χ(M2) < 0, f is periodi.
Using the fat that any periodi, orientation-preserving transformation of a
losed surfae is onjugate to a onformal transformation [6, 10℄, Theorem 1.1 an
be restated by saying that an orientation-preserving homeomorphism of a losed
orientable surfae is onjugate to a onformal transformation if and only if Σ(f) is
totally disonneted.
In order to be omplete, we have also treated the ase of orientation-reversing
homeomorphisms, of non-orientable losed surfaes and of surfaes with boundary,
orientable or not. We will show in partiular that a homeomorphism of a surfae
with negative Euler harateristi is always periodi if its singular set is totally
disonneted. We will give then the omplete 1.1 lassiation up to topologial
onjugay of non periodi homeomorphisms with totally disonneted singular set
on surfaes with non negative Euler harateristi: the sphere S2, the projetive
plane P2(R), the dis D2, the torus T2, the Klein bottle K, the annulus and the
Möbius band. The essential argument, one we know the result for losed orientable
surfae, is to redue to that ase by onsidering the two-fold orientation overing
or by taking the double of the surfae to remove boundary.
In general Σ(f) is very large (and so the hypothesis that Σ(f) is totally dison-
neted is very strong). There are very simple homeomorphisms of the sphere S2
with Σ(f) = S2. Let us present suh an example.
Let h be the homeomorphism of the plane R2 whih leaves eah irle cr, r ∈
[0,+∞[ entered at (0, 0) globally invariant and whose restrition to cr is the ro-
tation by angle φ(r) where φ : [0,+∞[→ R is any ontinuous funtion whih is
onstant on no interval. Let f be the homeomorphism of S2 obtained by extend-
ing f to innity by a xed point. Then, f is a homeomorphism of S2 suh that
Σ(f) = S2.
Another interesting example is the ase of a C1-struturally-stable dieomor-
phism f of a surfae M2 (that is, f satises Axiom A and the strong transversality
ondition). In that ase, a point is regular if and only if it belongs to the interse-
tion of the stable manifold of a periodi attrator with the unstable manifold of a
periodi repeller. Indeed, a point whih does not lie in suh an intersetion must be
a limit point of stable or unstable manifolds of saddle points (aording to the Shad-
owing Lemma, [32℄) but these manifolds belong to the singular set (aording to
the λ-Lemma, [36℄). There are examples of C1-struturally-stable dieomorphisms
f on any surfae M2, whih do not have any periodi attrator; eah attrator of
f is a non-trivial hyperboli attrator. In that ase Σ(f) = M2.
However, it is remarkable that suh a simple ondition (f is a homeomorphism
with Σ(f) totally disonneted) implies suh a strong rigidity (f is onjugate to
a onformal transformation). In the same spirit (but in the opposite diretion),
let us reall a beautiful result obtained independently by Hiraide [17℄ and Jorge
Lewowiz [28℄. A homeomorphism is expansive if there is a onstant α > 0 suh
that, for any pair of distint points (x, y) there exists n ∈ Z suh that the distane
between fn(x) and fn(y) is greater than α. Hiraide and Lewowiz showed that any
expansive homeomorphism of a ompat surfae is onjugate to a pseudo-Anosov
homeomorphism.
In the next setion, we briey review some well-known topologial fats. Se-
tion 3 ontains general results on the dynamis of a homeomorphism of a ompat
SURFACE HOMEOMORPHISMS 3
metri spae. In setion 4, we study the ase of surfaes with positive Euler hara-
teristi. The main part of this setion is devoted to the sphere. Setion 5 ontains
the omplete lassiation of regular homeomorphisms of surfaes with non positive
Euler harateristi and in partiular of the torus.
2. Preliminaries
Let (X, d) be a ompat metri spae, and let 2X be the set of all nonempty
losed subsets of X . The Hausdor distane on 2X is dened by
(2.1) dH(A,B) = max
{
sup
a∈A
d(a,B), sup
b∈B
d(b, A)
}
.
With this distane, 2X is a ompat metri spae [31℄. Let (An), be a sequene of
nonempty losed subsets of X . We dene lim inf(An) to be the set of points x ∈ X
suh that every neighborhood of x meets An, for all but a nite number of values
of n. In other words, a point x belongs to lim inf(An) if and only if there exists a
sequene xn ∈ An, onverging to x. Similarly, we dene lim sup(An) to be the set
of points x ∈ X suh that every neighborhood of x meets An, for an innite number
of values of n. In other words, x belongs to lim sup(An) if and only if there exists
a sequene xn ∈ An, admitting a subsequene xni onverging to x. These two sets
are losed and lim inf(An) ⊂ lim sup(An). The sequene (An) is onvergent for the
Hausdor metri if and only if lim inf(An) = lim sup(An) [31℄.
A ontinuum is a nonempty, ompat, onneted metri spae. It is non-degenerate
provided that it ontains more than one point. The proof of the following Lemma
may be found in [31℄.
Lemma 2.1. Let (An) be a sequene of ontinua of X suh that lim inf(An) 6= ∅,
then lim sup(An) is a ontinuum. In partiular the spae of ontinua of X, denoted
C(X), is losed in 2X .
Let f be a homeomorphism of a ompat metri spae (X, d). Reall that a
point x ∈ X is regular if the family fn is equiontinuous at x. For every ε > 0, we
let ϕ(x, ε) be the least upper bound of positive numbers δ suh that
(2.2) d(x, y) < δ ⇒ d(fn(x), fn(y)) < ε, ∀n.
By its very denition ϕ(x, ε) ≤ ε. In the introdution, we have dened the singular
set of f , written Σ(f) to be the losure of the set of points whih are not regular.
This set is learly invariant under f and Σ(fn) = Σ(f) for all n 6= 0.
If Σ(f) is empty, the family {fn, n ∈ Z} is uniformly equiontinuous on X . Suh
homeomorphisms are alled regular by Kerékjártó and they are desribed by the
following well-known result [14, 39℄.
Theorem 2.2. Let f be a homeomorphism of a ompat metri spae (X, d). The
following statements are equivalent:
(1) The family {fn, n ∈ Z} is equiontinuous on X.
(2) The losure G of the family {fn, n ∈ Z} is a ompat subgroup of Homeo(X)
with the C0-uniform topology.
(3) There exists a metri on X ompatible with its topology in whih f is an
isometry.
Remark 2.3. 1)⇒ 2) is essentially Asoli's theorem, whereas in 2)⇒ 3) an invariant
metri an be onstruted using Haar's measure on G.
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A homeomorphism of a ompat metri spae is reurrent provided that for all
ε > 0, there exists n 6= 0 suh that d(fn, Id) < ε. Clearly, in view of Theorem 2.2,
a regular homeomorphism of a ompat metri spae is reurrent.
3. Dynamis on a ompat metri spae
In this setion, we investigate the onnetion between regularity and the limit
sets of a homeomorphism f of a ompat metri spae X . Our primary interest
is in suh homeomorphisms whih have a totally disonneted singular set. Reall
that a spae X is totally disonneted, provided any onneted subset of it is a
point or empty. The subjet of this setion may be ompared to the one of [19, 27℄.
Given x ∈ X , we set O(x, f) = {fn(x); n ∈ Z}. We dene similarly O+(x, f) as
the set of positive iterates of x and O−(x, f) as the set of negative iterates of x. The
ω-limit set of a point x ∈ X is dened by ω(x, f) = {lim fnk(x), nk → +∞} and its
α-limit set by a α(x, f) = ω(x, f−1). The limit set of x is λ(x, f) = α(x, f)∪ ω(x, f).
These sets are invariant under f . A point x is reurrent if x ∈ λ(x, f).
Lemma 3.1. We have the four following properties:
(1) Let x ∈ X be a regular point and suppose that there are sequenes (xi) and
(ni) suh that xi → x and fni(xi)→ z, then fni(x)→ z.
(2) Let x and y be two regular points. Then fni(x)→ y i f−ni(y)→ x.
(3) A regular point x is reurrent i λ(x, f) ontains a regular point.
(4) If a regular point is reurrent, then ω(x, f) = α(x, f) = cl (O(x, f)).
Proof. 1) Let ε > 0 and δ = ϕ(x, ε). For i large enough, we have d(xi, x) < δ and
d(fni(xi), z) < δ and hene d(f
ni(x), z) < 2ǫ.
2) Let ε > 0 and δ = ϕ(x, ε). For i large enough, we have d(fni(x), y) < δ and
hene d(x, f−ni(y)) < ε).
3) Let y ∈ λ(x, f) be a regular point. Let ε > 0 and δ = ϕ(y, ε) . We
an nd n > m > 0 suh that d(y, fn(x)) < δ and d(y, fm(x)) < δ. Hene,
d(f−m(y), fn−m(x)) < ε and d(f−m(y), x) < ε and so d(x, fn−m(x)) < 2ε.
4) If x is reurrent then x ∈ ω(x, f) and x ∈ α(x, f) aording to 2). Hene
cl O(x, f) = ω(x, f) = α(x, f). 
Corollary 3.2. The set of points of X\Σ(f) whih are reurrent is open and losed
in X \ Σ(f).
Proof. Aording to Lemma 3.1(1), the set of reurrent points of X Σ(f) is losed
in X Σ(f). Let x ∈ X Σ(f) be a reurrent point. We an nd a neighborhood
U ⊂ X \ Σ(f) of x suh that λ(y, f) ∩X \ Σ(f) 6= ∅ for eah y ∈ U . Aording to
Lemma 3.1(3), eah point of U is reurrent so the set of reurrent points of X \Σ(f)
is also open. 
Lemma 3.3. Let x ∈ X Σ(f). If x is reurrent, then for every neighborhood U of
x there exists an integer N ≥ 0 suh that
(3.1) O(x, f) ⊂
N⋃
i=0
f i(U).
Proof. Let x ∈ X \Σ(f) be a reurrent point. Aording to Lemma 3.1(4), we have
(3.2) cl (O(x, f)) = ω(x, f) = α(x, f).
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Let U be a ompat neighborhood of x suh that U ⊂ X \ Σ(f) and let V ⊂
U be an open neighborhood of x. For eah point y ∈ λ(x, f), we an nd by
Lemma 3.1(2) an integer n(y) > 0 suh that fn(y)(y) ∈ V and hene we an nd
an open neighborhood Vy of y suh that
(3.3) fn(y)(Vy) ⊂ V.
Let V1, V2, . . . , Vr be a nite subover of the overing (Vi) of λ(x, f) ∩ U . To eah
open set Vi there orresponds a positive integer ni suh that
(3.4) fni(Vi) ⊂ V
We let N = maxni. For any z ∈ λ(x, f) ∩ U , there exists n ∈ {0, 1, . . . , N} suh
that
(3.5) fn(z) ∈ V.
Therefore, we an onstrut an inreasing sequene mi → +∞ suh that:
(1) mi+l −mi ≤ N , for all i,
(2) fmi(x) ∈ V ⊂ U , for all i
and we have thus:
(3.6) O(x, f) ⊂ ω(x, f) = cl (O+(x, f)) ⊂
N⋃
i=0
f i(U).

Corollary 3.4. Let x ∈ X \ Σ(f). Then λ(x, f) ∩ Σ(f) 6= ∅ i λ(x, f) ⊂ Σ(f).
Proof. Let x ∈ X\Σ(f) and suppose λ(x, f) 6⊂ Σ(f). Aording to Lemma 3.1(3), x
is reurrent and from Lemma 3.3, we get that λ(x, f) = cl (O(x, f)) ⊂ X \Σ(f). 
Theorem 3.5. Let f be a homeomorphism of a loally onneted, ompat metri
spae (X, d) suh that Σ(f) is totally disonneted. Then:
(1) For eah s ∈ Σ(f) whih is not a regular point, there exists x ∈ X \ Σ(f)
suh that s belongs to the limit set λ(x, f) of x.
(2) For eah x0 ∈ X \ Σ(f) and any sequene nk ∈ Z suh that lim fnk(x0) =
s ∈ Σ(f), one has in fat fnk(x)→ s uniformly on a neighborhood U of x0
and the set
(3.7) Es = {x ∈ X \ Σ (f) ; lim f
nk (x) = s}
is open and losed in X \ Σ(f)
Proof. 1) Suppose that s ∈ Σ(f) is not a regular point. There exist ε > 0, a
sequene zp → s and a sequene np of integers so that
(3.8) d (fnp(zp), f
np(s)) ≥ ε, ∀p.
Sine Σ(f) is a ompat, totally disonneted, proper subset of X (otherwise X =
Σ(f) is nite and therefore X = Σ(f) = ∅), we an nd a neighborhood U of Σ(f),
U 6= X , whih is the union of non interseting open sets of diameter less than ε (f
7.10 of [31℄). Let
(3.9) K = cl
(⋃
n∈Z
fn(X \ U)
)
.
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Suppose that s /∈ K. As X is loally onneted, the omponents of X \K are
open and sine X \K ⊂ U , all of them are of diameter less than ε. Furthermore,
these omponents are permuted by f and so for p large enough, fn(zp) and f
n(s)
are in the same omponent of X \K whih implies d(fn(zp), fn(s)) < ε for all n.
This is a ontradition.
Hene s ∈ K and we an nd sequenes xn ∈ X \ U and in in ∈ Z suh that
f in(xn) onverges to s. Extrating a subsequene if neessary we an assume that
xn onverges to a point x ∈ X \U as n→ +∞. From Lemma 3.1, one obtains that
f in(x)→ s as n→ +∞, that is s ∈ λ(x, f).
2) Let x0 ∈ X\Σ(f), and suppose that fnk(x0)→ s ∈ Σ(f) as k → +∞. Aord-
ing to Corollary 3.4, x0 /∈ ω(x0, f). Choose a ompat and onneted neighborhood
U of x0 suh that x /∈ ω(x, f) for all x ∈ U (f Corollary 3.2 and Lemma 3.1(4)).
Aording to Lemma 2.1 lim sup(fnk(U)) is a ontinuum sine s ∈ lim inf(fnk(U)).
If lim sup(fnk(U)) ontains some point y ∈ X \Σ(f), there exists a subsequene mk
of nk, and a sequene xk ∈ U suh that fmk(xk) onverges to y. From ompatness
of U , if neessary extrating a subsequene, we may assume that xk onverges to
a point x ∈ U , and from Lemma 3.1(1), we have lim fmk(x) = y whih leads to a
ontradition sine ω(x, f) ⊂ Σ(f) for all x ∈ U . Hene
(3.10) lim sup(fnk(U)) ⊂ Σ(f)
and is therefore redued to {s} sine Σ(f) is totally disonneted. This shows in
partiular that the set Es is open in X \ Σ(f). That it is also losed results from
Lemma 3.1(1). 
Corollary 3.6. Let f be a homeomorphism of a losed surfae M2 with a totally
disonneted singular set Σ(f). Then Σ(f) is empty unless M2 = S2 and in that
ase Σ(f) ontains no more than two points.
Proof. Suppose that Σ(f) is not empty and let s ∈ Σ(f) be a non regular point.
Aording to Theorem 3.5, there exists x0 ∈M2 \ Σ(f) suh that s ∈ λ(x0, f). To
x ideas, let us suppose that s ∈ ω(x0, f) and we hoose a sequene nk → +∞ so
that lim fnk(x0) = s. Aording to Theorem 3.5, the set
(3.11) Es =
{
x ∈M2 \Σ(f); lim fnk(z) = s
}
is open and losed in M2 \ Σ(f) and the onvergene is uniform on every ompat
subset of Es. Sine the onnetedness of a surfae is preserved by the removing of
a totally disonneted subset, Es = M
2 \ Σ(f). Therefore, {s} ⊂ ω(x, f) ⊂ Σ(f)
for all x ∈M2 \ Σ(f). Let α be an ar joining x and f(x) in M2 \ Σ(f), then:
(3.12) lim sup(fn(α)) =
+∞⋂
n=0
⋃
k≥n
fk(α)
is a ontinuum whih lies entirely in Σ(f). Otherwise, there would be a point
y ∈ α suh that ω(y, f) 6⊂ Σ(f) whih is impossible by Corollary 3.4. Hene,
lim sup(fn(α)) = {s} and ω(x, f) = {s} for every x ∈M2 \ Σ(f).
If Σ(f) is not redued to s, we an nd a non regular point s′ 6= s and we prove
similarly that α(x, f) = {s′} for all x ∈M2 \Σ(f). Therefore Σ(f) annot ontain
more than two points.
The argument above shows that fn(x)→ s as n→ +∞ uniformly on all ompat
subsets of M2 \ Σ(f). If M2 6= S2, there exists a losed urve J non homotopi
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to zero and we an hoose suh a urve in M2 \ Σ(f). Let U be a simply on-
neted neighborhood of s. For n large enough, fn(J) ⊂ U and hene fn(J) is null
homotopi whih gives a ontradition. 
Remark 3.7. Corollary 3.6 an be generalized easily to any ompat manifold M
of dimension dim(M) ≥ 2:
(1) A ompat and totally disonneted subset of a losed manifold M of di-
mension dim(M) ≥ 2 does not separate M . Hene, as in the proof of
Corollary 3.6, the singular set, Σ(f), of any homeomorphism ofM ontains
less than two points or is not totally disonneted.
(2) Let f be a homeomorphism of a losed manifoldM of dimension dim(M) ≥
2. If there exists i ∈ {1, 2, . . . , n− 1} suh that the homotopy group Πi(M)
is not {0}, and if Σ(f) is totally disonneted, then Σ(f) = ∅. The proof is
idential to the proof of Corollary 3.6.
4. The ase of surfaes with χ(M2) > 0
Reall that every onformal automorphism of the Riemann Sphere Ĉ an be
expressed as a frational linear transformation
(4.1) f(z) =
(az + b)
(cz + d)
,
where the oeients are omplex numbers with determinant ad − bc 6= 0. Every
non identity automorphism of this type has two distint xed points or one double
xed point in Ĉ. The non identity automorphisms of Ĉ fall into three lasses, as
follows:
• An automorphism f is said to be ellipti if it has two distint xed points
at whih the modulus of the derivative is 1.
• The automorphism f is said to be hyperboli if it has two distint xed
points at whih the modulus of the derivative is not 1.
• The automorphism f is paraboli if it has just a double xed point.
It is an exerise to show that up to topologial onjugay there is only one model
of paraboli automorphism, namely the translation T (z) = z + 1. There is only
one model of hyperboli automorphism, namely H(z) = 2z. But there is a one
parameter family of ellipti transformations whih are not topologially equivalent,
namely the family Rα(z) = e
iαz
. In the the rst three paragraphs of this setion
we study the ase of orientation-preserving homeomorphisms of the sphere and we
prove the following theorem.
Theorem 4.1. An orientation-preserving homeomorphism of the sphere S2 is topo-
logially onjugate to a linear frational transformation i its singular set ontains
no non-degenerate ontinuum or equivalently if its singular set ontains at most
two points. More preisely, the transformation is onjugate to an ellipti, paraboli
or hyperboli transformation aording to whether the number of singular points is
zero, 1 or 2.
Aording to Corollary 3.6, the singular set Σ(f) of a homeomorphism of the
sphere whih is totally disonneted ontains no more than two points. The proof
of Theorem 4.1 will be divided into three parts aording as the number of singular
points is zero, 1 or 2.
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4.1. The paraboli ase.
Theorem 4.2. An orientation-preserving homeomorphism of the sphere with ex-
atly one singular point is onjugate to the map z 7→ z + 1 of the Riemann sphere.
Proof. Aording to Theorem 3.5, we have:
(4.2) α(x, f) = ω(x, f) = {N} , ∀x ∈ S2
and fn(x) → N as n → ±∞, uniformly on every ompat subset of S2 \ {N}.
Hene the group < f > generated by f ats freely and properly on the plane
Γ = S2 \ {N}. The quotient spae Γf is therefore a topologial surfae and the
projetion πf : Γ → Γf is a regular overing. Sine Γ is simply onneted, the
fundamental group of Γf is isomorphi to Z. Hene, Γf is homeomorphi to the
ylinder R × S1. By uniqueness of the universal over up to isomorphism, there
exist a pair of homeomorphisms (H,h) and a ommutative diagram
(4.3)
Γ
H
−−−−→ R2y y
Γf
h
−−−−→ R× S1
In partiular, H is a topologial onjugay between f|Γ and the translation
(x, y) 7→ (x + 1, y) of the plane R2. 
4.2. The hyperboli ase.
Theorem 4.3. An orientation-preserving homeomorphism of the sphere with ex-
atly two singular points is onjugate to the map z 7→ 2z of the Riemann sphere.
Proof. Let N and S be the two singular points. Aording to the proof of Corollary
3.6, fn(x) → N for n → +∞ (resp. fn(x) → S for n → −∞) uniformly on
every ompat subset of S2 {S} (resp. S2 {N} ) . This shows that f ats freely
and properly on the ylinder Γ = S2 \ {N,S}. Hene the quotient spae Γf =
Γ/f is a topologial surfae and the projetion πf is a regular overing. Sine f
is orientation-preserving, Γf is orientable. Let γ ⊂ Γ be a simple losed urve
separating S and N . Sine fn(γ) onverges uniformly to S for positive integers,
there exists n ∈ N suh that fn(γ) ∩ γ = ∅. Sine γ and fn(γ) are two non-
interseting essential simple losed urves, they bound a losed annulus A on the
ylinder Γ. Hene Γfn is a torus and sine Γfn is a yli regular overing of Γf ,
we also obtain that Γf is a torus T
2
. Sine, up to isomorphism, there is only one
regular overing π : S1 × R → T 2 whose automorphism group is isomorphi to Z,
there exist a pair of homeomorphisms (H,h) and a ommutative diagram
(4.4)
Γ
H
−−−−→ S1 × Ry y
Γf
h
−−−−→ T 2
In partiular, H is a topologial onjugay between f|Γ and the translation (x, y) 7→
(x, y + 1) of the ylinder S1 × R. 
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4.3. The ellipti ase.
Theorem 4.4. A regular, orientation-preserving homeomorphism of the sphere is
onjugate to a rotation Rα(z) = e
iαz
.
The rst step to this end is to show that around a xed point of a regular
homeomorphism of the sphere there are arbitrary small invariant simple losed
urves. Compare the results of this paragraph to those of [2, 12, 16, 22, 35, 37℄. The
following theorem is a very lassial result in elementary onformal representation
theory (see [34, Theorem 2.6℄), although it an be proved also by methods of plane
topology [33, 40℄. Reall that a point a ∈ K is a ut point of K if K \ {a} is not
onneted.
Theorem 4.5. Let K be a non-degenerate, loally onneted ontinuum of S2 with
no ut points. Then the boundary of eah omponent of S2 \K is a simple losed
urve.
Lemma 4.6. Let f be a regular homeomorphism of the sphere and let D ⊂ S2 be
a losed dis. Then the ompat set K = cl (
⋃
n∈Z f
n(D)) is loally onneted.
Proof. Let us rst reall that a ompat metri spae is loally onneted if and
only if for every ε > 0 it is the union of a nite number of ompat onneted sets
of diameter less than ε.
Let ε > 0 be given. Choose a triangulation of D into a nite number of losed 2-
ells, e1, e2, . . . , er, eah of whih of diameter less than ϕ(ε), where ϕ(ε) was dened
in setion 2. For eah n ∈ Z we have
(4.5) fn(D) =
r⋃
i=1
eni
where diam(eni ) < ε for i = 1, . . . , r (e
n
i i stands for f
n(ei)).
Let ρ > 0 so that eah 2-ell ei ontains a dis B(xi, ρ) in its interior. Then
(4.6) B(fn(xi), ϕ(ρ)) ⊂ f
n(ei), ∀i, ∀n.
Therefore the family {eni } ontains only nitely many pairwise non interseting 2-
ells. Let
{
en
1
i1
, . . . , e
np
ip
}
be a nite olletion of pairwise noninterseting 2-ells of
maximal ardinality. Then for every n ∈ Z and every i ∈ {1, . . . , r} , there exists
j ∈ {1, . . . , p} so that e
nj
ij
∩ eni 6= ∅. For eah k ∈ {1, . . . , p}, let Mk be the losure
of the union of all 2-ells ein whih meet e
nk
ik
. Then Mk is a ompat onneted set
of diameter less than 3ε and
(4.7) K =
p⋃
k=1
Mk.

Corollary 4.7. Let f be a regular homeomorphism of the sphere and let x be a xed
point for f . There exist arbitrarily small losed diss, invariant under f , whih are
neighborhoods of x.
Proof. Let ε > 0, δ = ϕ(ε) and η = ϕ(δ). Let D0 be the open dis of enter x and
radius η and set
(4.8) U =
⋃
n∈Z
fn(D0).
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Then U is an open onneted subset of B(x, δ) and f(U) = U . By Lemma 4.6, U is
loally onneted and has no ut point sine the losure of any onneted open set
of the sphere has no ut point. Aording to Theorem 4.5, the boundary of eah
omponent of S2 \ U is a simple losed urve. Sine
(4.9) f(S2 \B(x, ε)) ⊂ S2 \B(x, δ),
the omponent of S2 \ U whih ontains S2 \ B(x, δ) is invariant under f . Its
boundary γ is an invariant simple losed urve and the open dis ∆0 bounded by
γ and ontaining x is an invariant dis ontained in B(x, ε). 
An orientation-preserving homeomorphism f of S2 has at least one xed point. If
furthermore, f is regular, there exists an invariant dis around this point. Aording
to Brouwer's xed point theorem, there is another xed point and up to onjugay,
we an suppose that f xes the two poles N and S of the sphere S2.
Let γ be an invariant simple losed urve under f . We will denote the rotation
number of the restrition of f to γ by ρ(γ, f). Readers not familiar with rotation
numbers may refer to [8℄ for an exellent exposition of this notion.
Lemma 4.8. Let f be a regular homeomorphism of the sphere and suppose that
there exists an invariant simple losed urve γ suh that ρ(γ, f) = 0. Then f is the
identity map of S2.
Proof. Reall that if ρ(γ, f) = 0, f has a xed point on γ. The argument below in
one dimension lower shows that a regular orientation-preserving homeomorphism
of the irle with a xed point is the identity map. Hene, γ ⊂ Fix(f). We will
now prove that the onneted omponent Γ of γ in Fix(f) is open and losed in S2
whih will omplete the proof.
Let x ∈ Γ, ε > 0, (2ε < diam(γ)) and δ = ϕ(ε). For eah ball B(x, r) with r < δ,
we onstrut as in the proof of Corollary 4.7 an invariant simple losed urve γr
whih bounds a dis ∆r ⊂ B(x, ε) ontaining x. Sine γr meets Γ, f|γr = Id and
hene γr ⊂ Γ. But
(4.10) γr ⊂ cl (
⋃
n∈Z
fn(cr))
where cr is the boundary of B(x, r). Hene, for every point y ∈ γr, there exists
a point x ∈ cr and a sequene (nk) so that y = limf
nk(x) and we have x =
limf−nk(y) = y (f. Lemma 3.1). Therefore γr = cr and cr ⊂ Γ. Sine r is
arbitrary, this shows that B(x, δ) ⊂ Γ. 
We now x an invariant simple losed urve γ and let G be the losure of the
group generated by f in Homeo(S2). As we have seen in Theorem 2.2, G is a
ompat ommutative subgroup of regular homeomorphisms. Eah element of G
leaves the urve γ invariant and moreover we have:
Lemma 4.9. The map ργ : G → S1 given by g 7→ ρ(γ, g) indues a bi-ontinuous
isomorphism between G and a ompat subgroup of S1 = R/Z.
Proof. It is a lassial fat that the rotation number of a irle map depends on-
tinuously on the map. Therefore ργ : G → S1 is ontinuous and from the relation
(4.11) ργ(f
n) = nργ(f), ∀n ∈ Z
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we dedue that ργ : G → S1 is a group morphism. The injetivity of this map
results from Lemma 4.8. Sine G is ompat, ργ is also a homeomorphism of G
onto a losed subgroup of S1. 
Aording to Lemma 4.9, G is either isomorphi to a nite yli group or to S1.
In the rst ase, f is periodi and it is well-known that f is atually onjugate to
a rotation by an angle 2kπ/n about the North-South axis [7, 9, 20℄. In all of what
follows we will suppose that G ≃ S1. In other words, we are given a ontinuous
and faithful ation Ψ : S1 × S2 → S2. We will establish rst:
Lemma 4.10. Fix(G) is redued to two points N and S , G ats freely on S2 \
{N,S} and the orbit of every point of S2\{N,S} is an essential simple losed urve
in S2 \ {N,S}.
Proof. Let γ be the invariant simple losed urve used to dene the isomorphism
ργ . This urve separates the two xed points N and S and no element of G other
than Id has a xed point on γ. If G has another xed say x0, then the G-orbit of a
ontinuous path joining x0 to a point of γ in S
2 {N,S} gives a homotopy between
γ and x0 in S
2 \ {N,S}, ontraditing the fat that γ is essential. Hene every
G-orbit other than N and S is a simple losed urve and this urve is neessarily
essential in S2 \ {N,S}. Suppose that an element g0 ∈ G has a xed point x0 in
S2 \ {N,S} and let γ(x0) be the orbit of x0 under G. Then g0 = Id aording to
Lemma 4.8. That is, G ats freely on S2 \ {N,S}. 
Lemma 4.11. For all ε > 0, there exists δ > 0 so that, if x and y are two distint
points on a G-orbit γ and d(x, y) < δ, then at least one of the two ars delimited
by x and y on γ has a diameter less than ε.
Proof. Let ε > 0 and γN (resp. γS) be a G- orbit in an ε-neighborhood of N (resp.
S). Let A be the G-invariant annulus bounded by γN and γS . We have only to
prove the Lemma for G-orbits whih lie in A. We an nd µ > 0 suh that:
(4.12) d(x, g(x)) < ε/2
for all x ∈ A and all g = Ψ(θ, .) with θ ∈ Iµ = [−µ,+µ]. Sine G ats freely on A,
there exists δ > 0 suh that:
(4.13) d(x, g(x)) ≥ δ
for all x ∈ A and all g ∈ S1 Iµ. Now, if x and y are two distint points on a G-orbit
γ suh that d(x, y)) < δ , then y = Ψ(θ, x) with θ ∈ Iµ, and the ar Ψ([0, µ], x) has
diameter less than ε. 
In order to omplete the proof of Theorem 4.4, we are going to show the existene
of a transversal ar to the G-orbit, whih will permit us to onstrut a onjugay
between G and the group of eulidean rotations about the South-North axis (see
also the work of Whitney [38℄ for the existene of transversal ar-to a family of
urves). More preisely:
Corollary 4.12. Given two points x and y whih lie on distint G-orbits, there
exists a simple ar α joining x and y whih meets eah G-orbit in at most one point.
Let γ and γ
′
be two simple losed urves whih separate N and S. We write
γ ≤ γ
′
(resp. γ < γ
′
) i γ is ontained in the losed (resp. open) dis bounded
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by γ
′
and ontaining S. This relation indues a total order on the set of G-orbits
(with the onvention that S ≤ γ and γ ≤ N for all G-orbit γ).
For any point x ∈ S2, we let γ(x) be the G-orbit of x. With this notation, we
have the following denition. A nite olletion of indexed points {x0, xl, . . . , xn}
suh that d(xk, xk+l) < µ and γ(xk) < γ(xk+l) is alled a monotone µ-hain from
x0 to xn. We will establish rst:
Lemma 4.13. For all ε > 0, there exists δ > 0 so that two points x and y with
d(x, y) < δ and γ(x) < γ(y) an be joined by a monotone µ-hain of diameter less
than ε for all µ > 0.
Proof. Let ε > 0 and δ > 0 as in Lemma 4.11. Suppose that x, y are two points
lying on distint G-orbits and suh that d(x, y) < δ/2. Given µ > 0 (µ < δ), we
an nd a nite sequene of G-orbits
(4.14) γ0 = γ(x), γ1, . . . , γn = γ(y)
suh that dH(γk, γk+l) < µ/3.
Let xy be the geodesi ar onneting x and y whose length is less than δ/2.
This ar meets eah intermediate urve γk. Hene, we an hoose, for eah k, a
point xk of xy on γk. If d(xk, xk+l) < µ for all k, we are done. If not, we are going
to show that for eah pair {xr , xr+1, } for whih d(xr, xr+1) ≥ µ, we an join xr
and xr+1 by a monotone µ-hain whih lies in a 2ε-neighborhood of xy. By joining
together suh hains, we obtain a monotone µ-hain from x to y of diameter less
than 4ε+ δ/2.
Choose a point x
′
r+1 on γr+1 suh that d(xr, x
′
r+1) < µ/3. Hene, d(xr+1, x
′
r+1) <
δ and one of the ars delimited by these two points on γr+1, xr+1x
′
r+1, has a diam-
eter less than ε.
Divide this ar into s subars of diameter less than µ/3 and all the intermediate
points
(4.15) x
′
r+1 = z
0
r+1, z
1
r+1 . . . , z
s
r+1 = xr+1
We hoose some urves
(4.16) γr = γ0 < γ1 < · · · < γs = γr+1
For eah k ∈ {1, . . . , s− 1}, dH(γk, γr+l) < µ/3 and we an hoose on eah inter-
mediate urve γk a point xkr+1 suh that d(x
k
r+1, z
k
r+1) < µ/3. Hene
(4.17) x0r+1 = xr , x
1
r+1, . . . , z
s
r+1 = xr+1
is a monotone µ-hain. 
Proof of Lemma 4.12. From Lemma 4.13, we an hoose a sequene of numbers
δn > 0 so that any two points with distane d(x, y) < δn, an be joined, for all
µ > 0 by a monotone µ-hain of diameter less than 1/2n.
We start by hoosing a monotone δ0-hain X0 from x to y. Indutively, one
Xn has been dened, we join eah onseutive pair x
n
k , x
n
k+1 of Xn, by a monotone
δn+1-hain of diameter less than 1/2
n+1
to obtain Xn+1 and we set
(4.18) X =
⋃
n∈N
Xn.
It is then a standard fat ([18, Theorem 2.27℄) that the losure X of X in S2 is a
simple ar joining x and y with the required property. 
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To omplete the proof of Theorem 4.4, we hoose an ar α given by Corollary 4.12
from N to S , and we let x(r), r ∈ [0,+∞] be a parametrization of this ar. The
map
(4.19) h : reiθ 7→ Ψ(θ, x(r))
is the required onjugay between G and the group of eulidean rotations about
the z-axis.
4.4. Orientation-reversing homeomorphisms of the sphere. Every orientation-
reversing onformal automorphism of the Riemann Sphere Ĉ is of the form
(4.20) f(z) = (az + b)/(cz + d),
where the oeients satisfy ad − bc 6= 0. We all them frational reetions
following Maskit [29℄. The xed point set of a frational reetion is either empty,
one point, two points or a irle in Ĉ. Frational reetions are lassied by the
number of xed points:
• A transformation f with a irle of xed points is a reetion. It is topo-
logially onjugate to the map z 7→ z.
• A transformation with exatly two xed points is semi-hyperboli, It is
topologially onjugate to the map z 7→ 2z.
• A transformation with exatly one xed point is semi-paraboli. It is topo-
logially onjugate to the map z 7→ z + 1.
• A transformation with no xed points is semi-ellipti. It is topologially
onjugate to the map z 7→ eiθ/z, with θ 6= 0 mod 2π.
Theorem 4.14. An orientation-reversing homeomorphism of the sphere S2 with a
totally disonneted singular set is topologially onjugate to a frational reetion.
Proof. 1) Suppose rst that the singular Σ(f) is empty. Then Σ(f2) = Σ(f) = ∅
and aording to Theorem 4.1, we may suppose after a topologial onjugay if
neessary that f2 is a eulidean rotation around the vertial axis.
If f has a xed point, there are arbitrarily small losed diss invariant under f
(.f . Corollary 4.7). On the boundary of eah of these diss, f reverses the order
and has therefore two xed points. In partiular, f and hene f2 have an innite
number of xed points and therefore f2 = id. In that ase f is onjugate to a
reetion [7℄.
If f has no xed points, f permutes the two xed points of f2. If f2 is a periodi
rotation, we refer also to [7℄ for a proof that f is onjugate to the map z 7→
e2ipip/q/z. If f2 is an irrational rotation by angle 2α, the family of simple losed
urves invariant under f2 is unique. Hene, f permutes these urves and indues a
ontinuous, reversing-order involution on S2/G ∼= [0, 1] where G is the losure of the
group generated by f2. Therefore one and exatly one of theses urves is invariant
under f . This urve divides the sphere into exatly two diss whih are permuted
by f and eah of them ontains a xed point of f2. In one of these diss, we hoose
a transverse ar whih joins the xed point of f2 to the boundary of this dis. We
map this ar onto an ar with similar properties relatively to the map z 7→ e2ipiα/z
and extend this map by iteration under f . This map is learly well-dened and
extends into a topologial onjugay between f and the map z 7→ e2ipiα/z.
2) If Σ(f) ontains exatly one point N then f(N) = N and the group generated
by f ats freely and properly on S2 \ {N}. The quotient spae Γf is homeomorphi
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to the open Möbius strip and we an show as in setion 4.1, that f is onjugate to
the map z 7→ z + 1.
3) If Σ(f) ontains exatly two points N and S, then f(N) = N and f(S) = S.
The group generated by f ats freely and properly on the ylinder I = S2 \ {N,S}.
The quotient spae Γf is homeomorphi to the Klein bottle and we an show as in
setion 4.2, that f is onjugate to the map z 7→ 2z. 
We onlude this paragraph by stating the analogous result for the losed dis D2.
Let f be a homeomorphism of D2 whose singular set Σ(f) is totally disonneted.
The same property holds for the homeomorphism indued on the sphere S2 viewed
as the double of the dis. Aording to Theorem 4.1, f has at most two singular
points whih lie neessarily on the boundary of D2. The proofs whih have been
given for the sphere may be adapted in the ase of the dis without introduing
any new subtlety to establish the following:
Theorem 4.15. A homeomorphism of the losed dis with a totally disonneted
singular set is topologially onjugate to a frational linear transformation or a
frational reetion of the dis aording to whether it is orientation-preserving or
orientation-reversing.
4.5. The projetive plane. Let f be a homeomorphism of the projetive plane
P2(R). If Σ(f) is totally disontinuous, Σ(f) must be empty aording to Corol-
lary 3.6. Let f˜ be the unique orientation-preserving lift of f to the universal over
S2 of P2(R). Then f˜ is a regular homeomorphism whih ommutes with the over-
ing involution s : z 7→ −1/z.
If f˜ is non periodi, the losure of the group generated by f˜ , G, is isomorphi to
S1 and there is a unique family of simple losed urves invariant under f˜ . Sine s
ommutes with f˜ , s permutes these urves and indues a ontinuous, orientation-
reversing involution of S2/G ∼= [0, 1]. One and exatly one of theses urves is
invariant under s. We leave it to the reader to show that in that ase, the onjugay
between f˜ and the standard rotation z 7→ e2ipiθz may be hosen to ommute with
s. In other words, f and the standard map indued on P2(R) by z 7→ e2ipiθz are
onjugate on P2(R).
If f˜ is periodi, then f˜ is onjugate to a periodi rotation. The quotient spae
S2/f˜ is a sphere and s indues an orientation-reversing involution of this sphere.
Therefore, we an nd a simple losed urve on S2, whih separates the two xed
points of f˜ and whih is invariant both by f˜ and s. These onsiderations may
be used to show that in that ase also an equivariant onjugay between f˜ and
z 7→ e2ipip/qz an be onstruted. We have nally proven the following:
Theorem 4.16. Let f be a regular homeomorphism of the projetive plane P2(R).
Then f is topologially onjugate to a standard rotation of the projetive plane.
5. The ase of surfaes with χ(M2) ≤ 0
Let f be a homeomorphism of a ompat surfae M2 with χ(M2) ≤ 0. If
Σ(f) ontains no non-degenerate ontinuum, f is regular everywhere aording to
Corollary 3.6.
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5.1. General results on regular homeomorphisms of surfaes. Let M2 be
a losed orientable surfae of genus g ≥ 1 and π : M˜2 → M2 the universal over
of M2. We an identify M˜2 either to the eulidean plane R2 or to the Poinaré
dis D in suh a way that M2 is homeomorphi to the quotient of M˜2 by a disrete
subgroup Γ of eulidean translations or hyperboli isometries aording to whether
M˜2 is R2 or D. The metri we shall use on M2 is the quotient metri dened on
M˜2/Γ by:
(5.1) d(π(x˜), π(y˜)) = inf
g,h∈Γ
d˜(g.x˜, h.y˜)
where d˜ is the natural metri on M˜2.
There is another metri on M˜2 that we shall use in the following, namely the
spherial metri. The Alexandro ompatiation of M˜2, M˜2 ∪∞, is homeomor-
phi to the sphere S2. Hene, the standard metri of S2 indues a metri that we
shall all ∂ on M˜2. These two metris d˜ and ∂ are not uniformly equivalent on M˜2
but Id : (M˜2, d˜)→ (M˜2, ∂) is uniformly ontinuous.
Lemma 5.1. Let f be a regular homeomorphism of a losed orientable surfae M2
of genus g ≥ 1 and f˜ be any lift of f to the universal over M˜2 of M2. If f is the
unique ontinuous extension of f˜ to S2 = M˜2 ∪ {∞} then Σ(f) ⊂ {∞}.
Proof. Let f˜ be any lift of f on M˜2. Every point x˜ is regular under f˜ for the metri
d˜. Let ∂ be the standard metri on S2. Then, Id : (M˜2, ∂)→ (M˜2, d˜) is ontinuous
and Id : (M˜2, d˜)→ (M˜2, ∂) is uniformly ontinuous. Therefore, a point x˜ whih is
regular for (f˜ , d˜) is regular for (f, ∂) and hene Σ(f) ⊂ {∞}. 
Corollary 5.2. A regular homeomorphism of a losed orientable surfae of genus
g ≥ 1 whih is homotopi to the identity and whih has a xed point is the identity.
Proof. Let f˜ be any lift of f on M˜2 whih has a xed point, Sine f is homotopi to
the identity, f˜ ommutes with all overing translations and has therefore an innite
number of xed points. Aording to Lemma 5.1 and Theorem 4.1, f and hene f˜
must be equal to the identity, whih ompletes the proof. 
Theorem 5.3. A regular homeomorphism of a ompat surfae of negative Euler
harateristi is periodi.
Proof. If the boundary ofM2 is not empty, the natural extension of f to the double
DM2 of M2 is still regular and sine χ(DM2) = 2χ(M2), we are redued to prove
Theorem 5.3 for losed surfaes. Moreover, by passing to the orientation overing
of M2 and by onsidering f2 instead of f if neessary, we may assume that M2 is
orientable and that f is orientation-preserving. So, let f be a regular orientation-
preserving homeomorphism of a losed orientable surfae. Sine f is reurrent we
an nd a positive integer n suh that fn is homotopi to the identity and sine
χ(M2) < 0, Lefshetz's formula implies that fn has a xed point. Aording to
Corollary 5.2, fn is equal to the identity, whih ompletes the proof. 
5.2. Orientation-preserving homeomorphisms of the torus. The transla-
tions of the torus are the maps of the torus indued by standard translations
τα,β : (s, t) 7→ (s + α, t + β) of the plane. Eah of these maps is a regular trans-
formation of the torus and it is periodi if and only if (α, β) ∈ Q2. Moreover, two
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suh maps τα,β and τγ,δ are topologially onjugate if and only if the two vetors
(α, β) and (γ, δ) an be mapped one onto the other by a matrix A ∈ GL(2,Z). The
aim of this paragraph is to establish the following:
Theorem 5.4. A regular, orientation-preserving and non periodi homeomorphism
of the torus T2 is topologially onjugate to a non periodi translation of the torus.
Remark 5.5. A omplete lassiation of periodi transformations of the torus has
been given by Brouwer [5, 4, 41℄. We will not give here the list of them whih an
be nd in these referenes.
Let f be a regular orientation-preserving homeomorphism of the torus and let
A ∈ SL(2,Z) be the indued matrix on π1(T2) ∼= Hl(T2) ∼= Z2. Sine f is reurrent,
we get that An = Id for some n > 0.
If A 6= Id then the Lefshetz number of f , L(f) = 2 − Tr(A) 6= 0 and f has a
xed point. Hene, fn = Id aording to Corollary 5.2.
If A = Id, then for any lift f˜ of on R2 the following relation holds:
(5.2) f˜(x˜+ v) = f˜(x˜) + v, ∀x˜ ∈ R2, ∀v ∈ Z2
in other words f ommutes with integer translations and f˜(x˜) − x˜ is uniformly
bounded on R2.
Lemma 5.6. Let f be a regular and orientation-preserving homeomorphism of the
torus whih ats trivially on π1(T
2) and let f be any lift of f on R2. Then
(1) θ(f˜ , x˜) = lim((f˜n(x˜)− x˜)/n) exists and is independent of x˜. We shall all
it the translation vetor of f˜ and denote it by θ(f˜).
(2) f˜ = (0, 0) i f˜ has a xed point.
Proof. 1) Let Kn be the losure of the set
(5.3)
{
f˜m(x˜)− x˜
m
; m ≥ n, x˜ ∈ R2
}
.
Sine the map f˜(x˜)− x˜ is bounded on R2, (Kn) is a dereasing sequene of ompat
sets. We are going to show that diam (Kn) → 0 as n → ∞. Let ε > 0. Sine f is
regular and thus reurrent, we an nd a positive integer r and an integer vetor v
suh that:
(5.4)
∥∥∥f˜ r(x˜)− (x˜+ v)∥∥∥ < ε, ∀x˜ ∈ R2
and therefore
(5.5)
∥∥∥∥∥ f˜kr(x˜) − x˜kr − vr
∥∥∥∥∥ < εr , ∀k > 0, ∀x˜ ∈ R2.
Let M be a bound of
∥∥∥f˜(x˜)− x˜∥∥∥ on R2. We have then:
(5.6)
∥∥∥∥∥ f˜n(x˜)− x˜n − vr
∥∥∥∥∥ < εr + 2rMn , ∀n ≥ r, ∀x˜ ∈ R2
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whih shows that diam (Kn) < 2ε for n big enough. Therefore: f˜
n(x˜)− x˜ onverges
uniformly on R2 to some onstant vetor θ(f˜) as n→ +∞.
2) If f has a xed point, then learly θ(f˜) = 0. Conversely, if f has no xed
point, then aording to Lemma 5.1 and Theorem 4.1, f has only wandering points.
Hene there exists n0 suh that for every n ≥ n0,
∥∥∥f˜n(0, 0)∥∥∥ > 1. Choose a positive
number ε < 1/2, and let n1 > n0 and v ∈ R2 suh that:
(5.7)
∥∥∥f˜n1(x˜)− (x˜+ v)∥∥∥ < ε, ∀x˜ ∈ R2.
This inequality shows rst that v annot be the vetor (0, 0), sine in, f˜n1(0, 0)
is not ontained in the ball of enter (0, 0) and of radius ε. Then, we have:
(5.8)
∥∥∥∥∥ f˜kn1(x˜)− x˜kn1 − vn1
∥∥∥∥∥ < εn1 , ∀k > 0, ∀x˜ ∈ R2
and letting k → +∞, we obtain:
(5.9)
∥∥∥∥θ(f˜)− vn1
∥∥∥∥ ≤ εn1 ,
whih shows that θ(f˜) annot be zero. 
Remark 5.7. This Lemma is still true if we replae the statement f regular by f
reurrent whih is a weaker hypothesis. In fat, the proof of the rst part of the
Lemma does indeed only use this hypothesis. We an also remark that 1) says
preisely that the rotation set dened by Misiurewiz and Zieman in [30℄ is redued
to a point for a reurrent homeomorphism of the torus. To prove 2), we need to
know the fat that an orientation-preserving and xed point free homeomorphism
of the plane has only wandering points whih is a orollary of Brouwer's Lemma
on translation ars [11, 15℄ whih we have not used here. 2) an be onsidered as a
partiular ase of a result of Franks [13℄.
Let g˜ be another lift of f . Then θ(f˜) − θ(g˜) ∈ Z2 and the lass of θ(f˜) modulo
Z2 is independent of the partiular hoie of the lift f˜ . We shall all it the rotation
vetor of f and denote it by ρ(f).
As in Theorem 2.2, let G be the losure of the family {fn; n ∈ Z}. G is a
ommutative ompat group of regular homeomorphisms of T˜ 2 and eah element
of G ats trivially on the fundamental group of T˜ 2. Moreover, we have:
Lemma 5.8. Let f be a regular homeomorphism of the torus T˜ 2 ating trivially on
the fundamental group, and let G be the losure of the group generated by f . Then
the map p : G→ T2, g 7→ ρ(g) indues a biontinuous isomorphism from G onto a
ompat subgroup of T2.
Proof. We will show rst that p is a group morphism. Let g, h ∈ G and let g˜, h˜ be
lifts of g and h respetively. Sine g and h ommute, there exists v ∈ Z2 suh that
(5.10) (h˜−1 ◦ g˜ ◦ h˜)− g˜ = v.
Sine h˜ and g˜ ommute with the integer translations and sine other lifts are ob-
tained by omposing g˜ and h˜ with integer translations, one shows easily that the
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vetor v does not depend on the lifts g˜ and h˜. Furthermore, from the ommutativity
of g˜ and h˜ with the integer translations, one obtains indutively
(5.11) h˜−n ◦ g˜ ◦ h˜n − g˜ = nv
and this relation also holds for any other lift of g and hn. Sine h is reurrent, there
exists n > 0 suh that hn is arbitrarily lose to identity. Hene, we an nd a lift
of hn lose to identity and therefore v = 0; that is g˜ and h˜ ommute. Hene, we
an write:
(5.12)
(g˜ ◦ h˜)n(x˜)− x˜
n
=
g˜n(h˜n(x˜))− h˜n(x˜)
n
+
h˜n(x˜)− x˜
n
and sine (g˜n(x) − x)/n onverges uniformly to θ(g˜) on R2, we get
(5.13) θ(g˜ ◦ h˜) = θ(g˜) + θ(h˜).
That is ρ : G → T2 is a group morphism. Aording to Lemma 5.6 and Corol-
lary 5.2, this morphism is neessarily injetive. The ontinuity of ρ results from the
fat that
(5.14) ‖g˜ − Id‖ < ε⇒ ‖θ(g˜)‖ ≤ ε.

A ompat subgroup of T2 is either a nite group, T2 or the produt of S1 by a
nite yli group [1℄. In the rst ase f is periodi. We shall leave aside the third
ase until the end of this setion.
Lemma 5.9. Assume that ρ(G) = T2. Then there is a topologial onjugay be-
tween G and the group of translations of T2.
Proof. Fix a point x0 in T
2
and let φ : T2 → T2 be dened as follows. For eah
t ∈ T2 there is a unique gt ∈ G with ρ(gt) = t and we dene a ontinuous map φ
by the following:
(5.15) φ(t) = gt(x0).
If φ(t) = φ(s), then (g−1s ◦ gt)(x0) = x0 and so g
−1
s ◦ gt is the identity map (Corol-
lary 5.2). As ρ is an isomorphism this implies that s = t. Hene φ is one-to-one
and is thus a homeomorphism of T2 onto φ(T2) = T2, by the invariane of domain.
It remains to be shown that φ is a onjugay between the group of translations
and G. Given s ∈ T2, we denote by τs the translation by s. For every t ∈ T
2
, we
have
(5.16) φ ◦ τs(t) = φ(t + s) = gs+t(x0) = gs ◦ gt(x0) = gs(φ(t))
whih ompletes the proof. 
Remark 5.10. We have proved in fat that every faithful and ontinuous ation of
T2 on T2 is isomorphi to the standard ation.
From now on, we shall assume that ρ(G) is (up to a linear onjugay of T2) the
subgroup
(5.17)
(
1
q
· Z
)
/Z× S1 ⊂ T2.
Let g be the unique element of G whose rotation vetor is (1/q, 0) and let G0 be
the onneted omponent of the identity. G is learly the diret produt of G0 by
SURFACE HOMEOMORPHISMS 19
< g >, the nite group (isomorphi to Z/qZ) generated by g. Eah G-orbit is a
family of q distint simple losed urves sine no element of G has a xed point.
These urves divide the torus into q distint topologial annulus A0, A1, ..., Aq−1
whih are permuted by g and eah one of these annulus is invariant under G0.
Aording to the results of setion 4, the restrition of the ation of G0 on eah
annuli Ai is onjugate to the standard ation of S
1
. From these onsiderations, we
dedue the following results whih omplete the proof of Theorem 5.4.
Lemma 5.11. There exists a simple path σ0 : [0, 1/q] → T2 joining (0, 0) to
g((0, 0)) suh that for any s, t ∈ [0, 1/q], s 6= t and {s, t} 6= {0, 1/q}, σ0(s) and
σ0(t) are on distint G0-orbits.
Corollary 5.12. We have the following:
(1) Let σ : [0, 1] → T2 be dened by σ( iq + t) = g
i(σ0(t)), t ∈ [0, 1/q]. Then σ
is a simple losed urve invariant under g, whih meets eah orbit of G0 in
exatly one point.
(2) Let φ : T2 → T2 be the map dened by φ(s, t)) = g(0,t)(σ(s)) where (0,t) is
the unique element of G whose rotation vetor is equal to (0, t). Then φ
is a onjugay between G and the subgroup of translations by elements of
(1q · Z)/Z× S
1 ⊂ T2.
5.3. Orientation-reversing homeomorphisms of the torus. Let f be an orien-
tation-reversing homeomorphism of the torus T2. Aording to Theorem 1.1(2), f2
is periodi or is onjugate to a translation by a vetor with at least one irrational
oordinate. The two families of maps (s, t) 7→ (−s, t+α) and (s, t) 7→ (−s, t+s+α),
where α ∈ (R \ Q)/Z are standard examples of regular, orientation-reversing and
non periodi homeomorphism of the torus T2. Two suh maps are not onjugate.
We shall show in this paragraph that, up to topologial onjugay, there are no
other suh map, More preisely:
Theorem 5.13. Let f be a regular, orientation-reversing and non periodi home-
omorphism of the torus T2. Then, there exists α ∈ (R Q)/Z suh that f is topolog-
ially onjugate either to (s, t) 7→ (−s, t+ α) or (s, t) 7→ (−s, t+ s+ α).
Proof. Let A ∈ GL(2,Z) be the indued matrix on π1(T2) ∼= Hl(T2) ∼= Z2. For any
lift f˜ of f to the universal over R2 of T2 we have:
(5.18) f˜(x˜+ v) = f˜(x˜) +A · v,
for every integer vetor v. Furthermore, sine f is not periodi, A2 = I aording
to the results of setion 5.2. Let θ(℧2, x˜) be the funtion dened in Lemma 5.6.
An easy omputation shows that:
(5.19) θ(f˜ ◦ f˜2 ◦ f˜−1, f˜(x˜) = A · θ(f˜2, x˜)
sine the funtion f˜(x˜)−A(x˜) is bounded on R2. Moreover, sine θ(f˜2, x˜) has been
shown to be independent of x˜, we get:
(5.20) A · θ(f˜2) = θ(f˜2).
In other words θ(f˜2) is an eigenvetor of A. Sine f reverses orientation, detA = −1
and the eigenvalues of A are+1 and −1. In GL(2,Z) there are two onjugay lasses
of suh matries
(5.21)
(
−1 0
0 1
)
(Type 1)
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and
(5.22)
(
−1 0
1 1
)
(Type 2)
In both ases, we an nd a new system of oordinates on the torus in whih we
have θ(f˜2) = (0, 2α).
Sine f2 is not periodi by assumption, α must be an irrational number and the
losure, G, of the group generated by f2 is isomorphi to S1. Eah G-orbit is a
simple losed urve whose homology lass is (0, 1) in this system of oordinates.
Aording to Corollary 5.12, we an suppose, after a hange of oordinates if
neessary, that f2 is the map dened by (s, t) 7→ (s, t + 2α). The irles {s} × S1
beome then the losures of f2-orbits. In partiular, f maps eah suh irle onto
another one and its analyti expression must be (s, t) 7→ (i(s), ϕ(s, t). Notie that
i is an involution of S1. Moreover, sine the homology lass of eah irle {s}× S1
is an eigenvetor for the eigenvalue 1 for the indued map by f on homology, i
must reverse the order and is therefore onjugate to the map s 7→ −s. In these
new oordinates, f is expressed by (s, t) 7→ (−s, φs(t)) whereas f2 is still the map
(s, t) 7→ (s, t+2α). Sine f ommutes with f2, so does φs with the irrational rotation
t 7→ t + 2α. Hene φs must also be a rotation and we an write φs(t) = t + α(s).
The formula f2(s, t) = (s, t + 2α) leads to α(s) + α(−s) = 2α. In partiular, we
have 2α(0) = 2α(1/2) = 2α and hene α(O) − α(1/2) ∈ {0, 1/2}.
1) If α(0) = α(l/2) = α, we let β : S1 → S1 be the ontinuous map whih is 0 on
[0, 1/2] and α(0)−α(s) on [−1/2, 0]. The ontinuity of this map at 1/2 = −1/2 ∈ S1
results from the fat that α(0) = α(l/2). An easy omputation shows that for all
s ∈ S1 we have:
(5.23) α(s) + β(s)− β(−s) = α.
We let then B be the homeomorphism of the torus dened by B(s, t) = (s, t+β(s))
and we an hek that:
(5.24)
(
B−1 ◦ f ◦B
)
(s, t) = (−s, t+ α).
2) If α(0)−α(l/2) = 1/2, we let β : S1 → S1 be the ontinuous map whih is s on
[0, 1/2] and α(0)−α(s) on [−1/2, 0]. The ontinuity of this map at 1/2 = −1/2 ∈ S1
results from the fat that α(0) − α(l/2) = 1/2. An easy omputation shows that
for all s ∈ S1 we have:
(5.25) α(s) + β(s)− β(−s) = s+ α(0).
Again, we let B be the homeomorphism of the torus dened by B(s, t) = (s, t+β(s))
and we write α(0) = α. An easy omputation shows that:
(5.26)
(
B−1 ◦ f ◦B
)
(s, t) = (−s, t+ s+ α).
whih ompletes the proof. 
5.4. The ase of the Klein bottle. Let θ0 be the involution of the torus T
2
dened by (s, t) 7→ (−s, t + 1/2). Sine this involution is xed point free, the
quotient spae T2/θ0 is a losed surfae and sine θ0 is orientation reversing, this
surfae must be the Klein bottle K. The anonial map π : T2 → T2/θ0 is the
orientation overing of K and θ0 is the unique automorphism of this overing.
For α ∈ (R \ Q)/Z, we note φα and ψα the homeomorphisms of T2 dened by
φα(s, t)) = (s, t+α) and ψα(s, t)) = (s+1/2, t+α). Sine these maps ommute with
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θ0, they indues two homeomorphisms of K that we shall denote by Φα and Ψα,
respetively. These maps dene two distint families of regular and non periodi
homeomorphisms of K and we note that:
(1) For every irrational number α, the losure of eah Φα-orbit is a simple
losed urve whih is the projetion by π of the two irles {s} × S1 and
{−s}×S1 of T2. The rotation number of the restrition of Φα restrited to
this urve is equal to α if s 6= −s (i.e. s /∈ {0, 1/2} or to 2α if s ∈ {0, 1/2}.
(2) For every irrational number α, the losure of eah ψα-orbit is the projetion
by π of the irles {s}×S1, {−s}×S1, {s+ 1/2}×S1 and {−s+ 1/2}×S1
of T2. If s /∈ {1/4,−1/4}, these irles are mapped into tow simple losed
urve. If s ∈ {1/4,−1/4}, these irles are mapped into just one irle on
whih the rotation number is α+ 1/2.Note that ψ2α = Φ2α.
The aim of this paragraph is to establish the following theorem:
Theorem 5.14. Let f be a regular, non periodi homeomorphism of the Klein
bottle K . Then there exist α ∈ (R \ Q)/Z suh that f is topologially onjugate
either to Φα or to Ψα
Proof. Reall rst that f has exatly two lifts on T2, one of whih f+ preserves
orientation while the other f− = θ0 ◦ f+ reverses orientation. Note also that f+
and f− ommute with θ0.
Sine f− and θ0 ommute, so do the indued maps on homology. Aording to
the results of setion 5.3, the homology matrix of f− is therefore of type 1 and there
are oordinates on the torus in whih f− an be written (s, t) 7→ (−s, t+α). Sine θ0
ommutes with f−, its expression in these oordinates must be (s, t) 7→ (i−(s), t+
α(s)) where i− is an involution of S
1
whih reverses the order. The expression of
f+ follows from the relation f+ = θ0◦f− and we have f+(s, t) = (i+(s), t+α(s)+α)
where i+(s) = −i−(s) is an involution of S1 whih preserves the order.
It is a straightforward exerise to show that given two ommuting involutions of
S1, i+ and i− suh that i+ preserves the order and i− reverses the order, there is a
homeomorphism of S1 whih onjugate the pair (i+, i−) to either (s 7→ s, s 7→ −s)
or (s 7→ s+ 1/2, s 7→ −s).
From this fat, we dedue that there are oordinates on the torus in whih we
an write either:
(1): f−(s, t) = (−s, t+α), θ0(s, t) = (−s, t+α(s)), f+(s, t) = (s, t+α(s)+α)
(2): f−(s, t) = (−s, t + α), θ0(s, t) = (−s, t + α(s)), f+(s, t) = (s + 1/2, t +
α(s) + α)
Sine θ0 is an involution, we have α(s) + α(−s) = 0. In partiular 2α(0) =
2α(1/2) = 0 and we get α(0) = α(l/2) = 1/2 ∈ S1 beause θ0 is xed point free.
To ahieve the proof of the theorem, we let β : S1 7→ S1 be the ontinuous map
whih is 0 on [0, 1/2] and 1/2− α(s) on [−1/2, 0]. The ontinuity of this map at 0
and 1/2 results from the fat that α(0) = α(1/2) = 1/2. We verify then that, for
all s ∈ S1, we have:
(5.27) α(s) + β(s)− β(−s) = 1/2
and we let B be the homeomorphism of the torus dened by B(s, t) = (s, t+ β(s)).
In the rst ase, we an hek that:
•
(
B−1 ◦ θ0 ◦B
)
(s, t) = (−s, t+ 1/2),
•
(
B−1 ◦ f+ ◦B
)
(s, t) = (s, t+ α+ 1/2) = Φα+1/2(s, t).
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In the seond ase, we have α(s+1/2) = α(−s) sine f+ ommutes with θ0 and we
obtain:
•
(
B−1 ◦ θ0 ◦B
)
(s, t) = (−s, t+ 1/2),
•
(
B−1 ◦ f+ ◦B
)
(s, t) = (s+ 1/2, t+ α+ 1/2) = Ψα+1/2(s, t).
whih ompletes the proof. 
5.5. The annulus and the Möbius strip. To obtain the omplete lassiation
of regular homeomorphisms of the annulus [−1, 1]×S1 and the Möbius strip [−1, 1]×
S1/(s, t)) 7→ (−s, t+ 1/2), it sues to onsider their doubles and then to retain,
among the list of regular homeomorphisms of the torus and the Klein bottle, those
whih, keep invariant an annulus or a Möbius strip. We state here the result without
any proof.
Theorem 5.15. Let f be a regular and non periodi homeomorphism of the annu-
lus. There exists α ∈ (R \Q)/Z suh that:
(1) f (s, t) = (s, t+ α) if f is orientation-preserving,
(2) f (s, t) = (−s, t+ α) i is orientation-reversing.
Theorem 5.16. Let f be a regular and non periodi homeomorphism of the Möbius
strip. There exists α ∈ (R Q)/Z suh that f is onjugate to the map indued by the
homeomorphism (s, t) 7→ (s, t+ α) of the annulus.
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